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The rules for constructing Pascal’s triangle are as follows: The top row, which is the top vertex of
the triangle, consists of the single number 1. Each succeeding row starts and ends with 1. The
temaining entries are constructed by looking at the tow above. Specifically. each number in a given
tow is found by computing this sum:

(the number just above and o the lefi) + (the mumber just above and to the right)
This is illustrated by the connector lines between 2, 1, and 3 in Pascal’s triangle above.

@ You can add rows to Pascal's triangle indefinitely. Use the rules above to add rows 5 and 6 to
the triangle. Compare to the ows of coefficients of the terms i the expansions of (a + b)° and
(a +)5 that you determined in Problem 2. Resolve any differences

Connections Between Pascal’s Triangle and Combinations In Problems 2 and 3, you saw a
temarkable connection. On the one hand, you have the coefficients of the terms in the expansion of
(a+b)". which can be computed using algebraic multiplication. On the other hand, you have the
numbers in Pascal s triangle, which are computed using the specific arithmetic rules given above.
You have seen that these two very different procedures generate the same rows of numbers! Later in
this lesson, you will see why this connection holds. But first, consider a related connection between
Pascal’s triangle and combinations.
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@ Notice that the rows of Pascal's triangle (shown on page 591) are numbered starting with row 0.
‘The entries in a given row can also be numbered beginning with 0. So, the initial entry in each
row is labeled “entry 0.” the next entry is labeled “entry 1.” and so on.

a. Compute C(4. 2). Where is this number found in Pascal’s triangle (which row and which
entry)? What is the coefficient of a%5? in the expansion of (a + b)*?

b. Compute C(6. 4). Where is C(6, 4) found in Pascal’s triangle? What i the coefficient of
a2* in the expansion of (a +b)5?

. Now try to generalize your work in Parts a and b. Describe how to find C(n, k) in Pascal's
triangle. Describe where in Pascal's triangle you can find the coefficient of o ~#b¥ in the
expansion of (a + by’
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Connections Between Combinations and Expanding (a + b)" So far in this investigation,
you have studied connections among three seemingly different mathematical topics: coefficients in
the expansion of (a + b)", numbers in Pascal's triangle, and values of C(n, k). One of the most
important of these connections involves using combinations to expand (a + bY”

@) The following reasoning was used by a group of students in Bertie STEM High School to find the
coefficient of 3454 in the expansion of (a + b)1%0. Analyze and discuss the students’ reasoning
with your classmates. Expand or clarify the reasoning as needed so that everyone understands.
(a+ b)1% = (a+ b)(a~ b)(a~ b)-(a+ b) (100 factors). To carry out this multiplication,
you multiply each term in the first factor, that is, aand b, by each term in the second
factor, then by each term in the third factor, and so on. You must multiply through all
100 factors. To get a®#5%, you need to multiply by b in 46 of the factors. That is, you
must choose 46 of the 100 factors 1o be those where you use b as the multiplier (and
in the other factors, awill be the multiplier). So, the fotal number of ways o get
@55% is the number of ways of choosing 46 factors from the 100 factors, which is
(100, 46). So, the coefficient of a®*b* in the expansion of (a+ b2 is ((100, 46).

a. Use similar reasoning to find the coefficient of a%b7! in the expansion of (a + )10

b. Based on this reasoning, use combinations to find the coefficients of the terms in the
expansion of (a + b)°. Confirm that your coefficients match those in the CAS display on
page 591.

c. Use similar reasoning to find the coefficient of a%> in the expansion of (a + b)%.

d. Now think about the general term in a binomial expansion. What is the coefficient of a” ~ &%
in the expansion of (a + b)"?
@ Your work in Problem 5 suggests the following general result, called the Binomial Theorem.
For any positive integer 7,

(a+by'=C(n.0)a" + C(n. Da"~ 1 + C(n.2)a" 2% + - + Cn. K" ~FbF 4 - +
Cn.n—-2)a2" =2+ C(n.n—1)ab" =1 + C(n, m)b".
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. Use the Binomial Theorem to expand (a + b)*. Venfy that you get the same answer as in
Problem 1

. Use the Binomial Theorem to find the coefficient of 33 in the expansion of (a + b)S.
Compare to the answer you found using combinatorial reasoning in Part ¢ of Problem 5

. Explain why the sum of the exponents of a and b in each term of the expansion of (a + b)" is n.
. Explain why the coefficient of a” ~ b¥ is the same as the coefficient of kb =%.
. Use the Binomial Theorem to expand (2 — 3y)5.
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Pascal’s Triangle and Properties of Combinations Now that you have observed that the
entries in Pascal's triangle are values of C(n, k), you can make conjectures about properties of
combinations by looking for patterns in Pascal's triangle.

@ Based on the symmetry and other patterns in Pascal's triangle, make at least two conjectures
about properties of combinations. State your conjectures using C(n, k) notation. Compare your
conjectures to those of other classmates.

@ Consider the line symmetry in Pascal’s triangle.
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@ Consider the line symmetry in Pascal's triangle.

a. If you have not already done so in Problem 7,
‘use the line symmetry to make a conjecture
about the precise relationship between C(n. %)
and C(n. n — k). You might find it helpful to
examine a few examples using specific values
of nandk.

b. State the relationship from Part a in the
specific instance when n =8 and k = 3.
Prove this specific relationship in the
following two ways:
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i. Prove using a factorial formula for combinations and algebraic reasoning.

ii. Prove using combinatorial reasoning. That is, carefully explain how to choose and count
combinations. In this case, you might find it helpful to think about how choosing
3 objects from 8 objects is the same as nof choosing a number of objects.

c. Now prove the general property C(n. k) = C(n.n - k), in two ways.
i.. Prove using factorial formulas and algebraic reasoning.
ii. Prove using combinatorial reasoning by thinking about ways of choosing objects.
d. Which of the arguments in Part ¢ was most convincing for you? Why?
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.'Eheck Your Understanding
Think about the relative advantages of algebraic, visual (Pascal's triangle). and combinatorial
approaches to binonial expansions as you complete these tasks.
a. Expand (x +2)° in the following three ways.
+ Multiply by hand.
+ Use Pascal’s triangle
+ Use the Binomial Theorem
b.Find the coefficient of a*b? in the expansion of (a + b)S i the following three ways.
+ Reason with combinations.
+ Use Pascal’s triangle
+ Use the Binomial Theorem
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Combinations, the Binomial Theorem, and Pascal’s Triangle
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b. Examine and organize the coefficients of the terms of the expansions. Describe any patterns
in the coefficients. Describe any connections you see to combinations.

. What do you notice about the exponents on a and b for successive terms in the expansions?

Connections Between Pascal’s Triangle and Expanding (a + b)" The coefficients of the
terms in the expansion of (a + b)" have a close connection to an array of numbers called Pascals
triangle. Tn the next few problems, you will explore this connection.

@ You might organize your work from Problem 1 as follows

coefficients of (a + b)0 1

coefficients of (a + b)! 1 1
coefficients of (a + b)? 1 2 1
coefficients of (a + b)3 1 3 3 1

coefficients of (a + b)* 1 4 6 4 1
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In your previous work in algebra, you rewrote binomial expressions like (x +)% and (x +)* in
equivalent expanded form. In this investigation. you will explore some of the properties of
combinations and their applications in calculating binomial expansions. As you complete the
problems in this investigation, look for answers to these questions:

What are some connections among combinations, Pascals triangle and
expansions of binomial expressions of the form (a + by'?

How can you explain and prove some of these connections?

@ Think about expanding (a + b)". In particular, think about the coefficients of the terms in the
expansion. For example, (a + b)? = (a + b)(a + b) = a? + 2ab + b2. The coefficients are 1,2, and
1. There is an important connection between combinations and the coefficients of the terms in

the expansion of (a + b)". Investigate this connection by expanding (a + b)" for several values of
n,as follows

a. Without using technology. expand (a + by’ for n
system output below for the cases of n = 5 and n

.1,2,3, and 4. See the computer algebra
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. Continue the array of numbers on page 591 using the coefficients of the terms in the
expansions of (a + b)5 and (a + b)S.
. Describe how you could compute the numbers in a specific row of the array by using the

‘numbers in the previous row.

. Based on the pattern in the array, what do you think is the expansion of (a + b)7? Check
your conjecture by carrying out the expansion.
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‘The triangular array of numbers in Problem 2 is called
Pascal’s triangle. Tt is named for the French philosopher and
‘mathematician Blaise Pascal (1623-1662). He explored many
of its properties, particularly those related to the study of
‘probability. Although the triangle is named for Pascal, other
‘mathematicians knew about it much earlier. For example, the
triangular pattern was known to Chu Shih-Chieh in China

1n 1303,
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